For n ≥ 9, we construct maximal partial line spreads for non-singular quadrics of P G(n, q) for every size between approximately (cn + d)(q n−3 + q n−5 ) log 2q and q n−2 , for some small constants c and d. These results are similar to spectrum results on maximal partial line spreads in finite projective spaces by Heden, and by Gács and Szőnyi. These results also extend spectrum results on maximal partial line spreads in the finite generalized quadrangles W 3 (q) and Q(4, q) by Pepe, Rößing and Storme.
Introduction
A partial line spread in P G(n, q) is a set of pairwise disjoint lines. A partial line spread is called maximal when it is not contained in a larger partial line spread. In the literature, there are several articles on spectrum results on maximal partial line spreads in P G(n, q), i.e., for large intervals, it is proven that for every integer k in that interval, there exists a maximal partial line spread of size k in P G(n, q). Heden performed extensive work on spectrum results for maximal partial line spreads in P G (3, q) [?], and Gács and Szőnyi proved spectrum results on maximal partial line spreads in P G(n, q), n ≥ 5 [?] . The techniques of Gács and Szőnyi have now been extended to prove spectrum results on maximal partial line spreads in non-singular quadrics of P G(n, q). The presented spectrum results on maximal partial line spreads for non-singular quadrics of P G(n, q) extend the spectrum results on maximal partial line spreads in the finite generalized quadrangles W 3 (q) and Q(4, q) by Pepe, Rößing and Storme. These results are as follows. Table  ? ?, there exists a maximal partial line spread S on the corresponding generalized quadrangles W 3 (q), q even, and Q(4, q), q even.
Note that the upper bounds of the intervals of [?] in Table ? ? have undergone small corrections. We now summarize some results we need for our construction. [?] Table 1 : Spectrum on maximal partial spreads in Q(4, q), q even, and in W 3 (q), q even Result 1.3.
[?] For a bipartite graph with partition L ∪ U , such that every element in U has degree at least d, and every element in L has maximum degree D, there exists a subset L ⊆ L such that every element in U is adjacent to at least one element of L , and L has size
We always use the form |L | ≤ |L|
when applying the previous result. For every case we discuss, when q > 5, this is the smallest value.
Result 1.4.
(i) In P G(3, q), q ≥ 7 odd, there exist maximal partial line spreads for every size between The precise value of q 0 is not yet determined, but most likely q 0 will be 16, 32 or 64.
Result 1.5. In P G(3, q), q ≥ 3, there exists a maximal partial line spread with size 7 log[?].
Remark 1.6. Whenever we use the previous result, we write 7q log q for convenience.
In this article we will construct maximal partial line spreads by covering every quadric by two sets of maximal partial line spreads. One set will block the lines of the quadric inside the tangent space ⊥ of a line of the quadric, the other set will block the lines of the quadric outside of ⊥ . In Section ?? we find a spectrum result on maximal partial line spreads for P G(n + 2, q)\P G(n, q). With the lines of this partial spread we will find 3-dimensional spaces through , blocking the lines outside of ⊥ . These 3-dimensional spaces intersect the quadric in a hyperbolic quadric Q + (3, q), and we will consider the lines of one of its reguli. In Sections ?? and ?? we discuss separately the quadrics that do and do not contain line spreads. The difference lies in the construction of the maximal partial line spreads inside ⊥ . In both cases we will take several 3-dimensional spaces through , completely contained in the quadric, and consider both line spreads as maximal partial line spreads of these spaces P G(3, q). The constructions in this article apply to the parabolic, hyperbolic and elliptic quadrics. However, one may be able to use similar constructions for other polar spaces. From the isomorphism with Q(2n+2, q), q even, we also found spectrum results for symplectic polar spaces W (2n+1, q), q even. For q odd, one can most likely find spectrum results of maximal partial line spreads of symplectic polar spaces in a similar way as for the quadrics. One problem that has to be taken into account is that all points of P G(2n + 1, q) are points of the symplectic space W (2n + 1, q), but not all lines of P G(2n + 1, q) are totally isotropic lines of W (2n + 1, q). We are currently looking at this problem. Using similar techniques for Hermitian varieties is on the contrary less feasible, since a 3-dimensional space intersects a Hermitian variety sometimes in a non-singular Hermitian variety H(3, q 2 ), which does not contain a line spread, and very little is known on the existence of large maximal partial line spreads in these spaces.
2 Maximal partial line spreads in P G(n + 2, q)\P G(n, q) Lemma 2.1. (Beutelspacher [?] ) The space P G(n, q), n ≥ 3, can be partitioned in one subspace P G(n − 2, q) and q n−1 lines.
Lemma 2.2. Consider a line spread m 1 , . . . , m q n−1 of P G(n, q)\P G(n − 2, q), with n ≥ 3. For every integer k such that (1 + n log 2q)q n−2 ≤ k ≤ q n−1 , we can choose k lines m i such that they intersect every line of P G(n, q)\P G(n − 2, q), with exception of the not chosen lines m i . Table ? ? shows how large q has to be, such that for a given n the interval is non-empty. Proof. Consider a line spread S in P G(n, q)\P G(n−2, q) (Lemma ??). We construct a bipartite graph with classes A and B. Class A consists of the q n−1 lines of the line spread S. Class B consists of the lines of P G(n, q)\P G(n − 2, q) not belonging to the line spread S. Two vertices from different classes are adjacent if their corresponding lines intersect each other. Every vertex of B has degree d ≥ q. The maximum degree of an element of A is D = (q +1)
Using Result ??, we find a subset A ⊆ A of lines from the line spread S such that every line of P G(n, q)\P G(n − 2, q) that does not belong to S will intersect a line of A . We find:
The set A can be enlarged step by step until the whole set A consisting of all the q n−1 lines of the line spread S is reached. Construction 2.3. For n ≥ 3, consider an (n + 2)-dimensional projective space P G(n + 2, q) with the embedding of two n-dimensional spaces Π 1 ∼ = P G(n, q) and Π 2 ∼ = P G(n, q) that intersect each other in a space π ∼ = P G(n − 2, q). Consider a line ⊆ Π 1 disjoint from π. Consider a line spread S in Π 2 \π; this line spread S consists of q n−1 lines m 1 , . . . , m q n−1 . Choose k lines m i of the line spread S, suppose m 1 , . . . , m k , such that their union intersects every line in Π 2 \π, not in S. We consider the q n−1 three-dimensional spaces , m i ; these cover all points of (P G(n + 2, q)\Π 1 ) ∪ { } completely.
For i = 1, . . . , k, in the space , m i , consider a line spread S i through . For j = k+1, . . . , q n−1 , in the space , m j , consider a maximal partial line spread P j through . The union S of the lines of the line spreads S i , i = 1, . . . , k, and of the maximal partial line spreads P j , j = k+1, . . . , q n−1 , forms a maximal partial line spread in (P G(n + 2, q)\P G(n, q))∪ { }.
Proof. For two different lines m i and m j , we know: , m i ∩ , m j = { }. So S definitely is a partial line spread. Suppose b is a line of P G(n + 2, q)\P G(n, q) not belonging to S ; we will show that this line cannot be added to S . Suppose b belongs to a three-dimensional space , m i . When i ≤ k, we consider a spread in , m i ; every point of b is covered. When i > k, we consider a maximal partial spread P i ; there is at least one point of b covered. Suppose the line b does not belong to such a three-dimensional space. The projection of b from the line on Π 2 \π gives a line b ; different from every line m i . Because of the property of the k lines m i , there is at least one line of m 1 , . . . , m k that intersects b ; suppose b intersects m 1 . The space , m 1 has one point of b; suppose P . In , m 1 , we have considered a line spread S 1 ; this contains a line that intersects b in P . We have shown that the partial line spread S is maximal in (P G(n + 2, q)\P G(n, q)) ∪ { }.
Remark 2.4. We take a maximal partial line spread in every chosen three-dimensional space through . Every line in the three-dimensional space has to intersect at least one of the lines of the maximal partial line spread. It could be possible that there exists a line that only intersects with the line . So it is important to add the line to the maximal partial line spread. This will not matter in what follows, because we can choose this line arbitrarily in P G(n, q)\P G(n − 2, q) = Π 1 \π.
We define the following parameters:
k n : the size of the smallest known subset of lines of a particular line spread of P G(n, q)\P G(n− 2, q), such that every line, not in the line spread, intersects a line of the set, Theorem 2.5. Knowing the values of the previously defined variables, we find maximal partial line spreads in (P G(n + 2, q)\P G(n, q)) ∪ { }, n ≥ 3, for every size in the interval:
Proof. We look at the previous construction where k n three-dimensional spaces contain line spreads through and every maximal partial line spread P i through in one of the q n−1 − k n other three-dimensional spaces has the smallest known size, namely s. There exists a maximal partial line spread of size
We can find an uninterrupted interval of sizes for maximal partial line spreads by using the interval [l, u]. Suppose we have a construction where k three-dimensional spaces have a line spread, q n−1 − k − x three-dimensional spaces have the smallest known maximal partial line spread P i , and the other x three-dimensional spaces have a maximal partial line spread of size l, namely the smallest value from the known interval [l, u] . We can increase this size step by step by using other partial spreads with their size in the interval [l, u] . If we have reached the maximal value u, we have to increase k to k + 1. We take line spreads and maximal partial line spreads of the following sizes:
To find an uninterrupted interval, the size corresponding to the second maximal partial line spread has to be smaller than or equal to the size of the first, so we need:
u−l . The size of the smallest maximal partial line spread of our interval is therefore:
Now for our upper bound. A line spread in P G(n + 2, q)\P G(n, q) has size q n+1 . We find the largest maximal partial line spread of our interval by using k = q n−1 − 1 in our construction. This gives us a maximal partial line spread in (P G(n + 2, q)\P G(n, q)) ∪ { } of size
Corollary 2.6. Using Result ?? and ?? together with Lemma ??, we know the values:
, q 2 − q + 2 and find x = 3. This, together with their conditions q ≥ 7, and if q even also q > q 0 , and using the approximation 7 log q ≤ 7 log 2q − 4, there exist maximal partial line spreads of (P G(n + 2, q) \ P G(n, q)) ∪ { } of every size in the interval (−3 + (n + 7) log 2q)q n , q n+1 − q + 2 . Table ? ? shows how large q has to be, such that for a given n the interval is non-empty.
Proof. To prove the lower bound we make some approximations. 
Line spreads
Lemma 3.1. Consider a non-singular quadric Q n (q) in P G(n, q). If Q n (q) has a line spread, then also the non-singular quadric Q n+4 (q) in P G(n + 4, q), of the same type as Q n (q), that is, elliptic, parabolic or hyperbolic, has a line spread.
Proof. Consider a line of the quadric Q n+4 (q) and its tangent space ⊥ ∼ = P G(n + 2, q). We have ⊥ ∩ Q n+4 (q) = Q n (q), where Q n (q) is of the same type as Q n+4 (q). The quadric Q n (q) is non-singular in a space π ∼ = P G(n, q) which we can embed in a space Π ∼ = P G(n + 2, q) disjoint from . Using Lemma ??, we find a line spread S = {m 1 , . . . , m q n+1 } of Π\π. Every line m i spans a three-dimensional space together with . Such a three-dimensional space intersects the quadric Q n+4 (q) in a hyperbolic quadric Q + (3, q). In every such quadric Q + (3, q) we take the regulus through ; this gives us q n+1 q = q n+2 lines of Q n+4 (q) different from . Every point P of Q n+4 (q)\ ⊥ spans a plane together with . This plane intersects Π\π in one point; this point belongs to exactly one line of the line spread S. The q n+2 lines form a partition of the points of Q n+4 (q)\ ⊥ . Now look at Q n (q) ⊆ π. We supposed this quadric has a line spread {t 1 , . . . , t s } . Every three-dimensional space , t i is completely contained in Q n (q). Every point of ⊥ ∩ Q n+4 (q), not on , belongs to exactly one of these three-dimensional spaces. In every space , t i , we consider a line spread through . The union of all these lines forms a partition of the points of
The union of the two kinds of lines forms a line spread for Q n+4 (q).
Corollary 3.2. Since the quadrics Q(4, q), q even, Q + (3, q) and Q − (5, q) all contain a line spread, see [?], we know that for n ≥ 1, every parabolic quadric Q(4n, q), q even, every hyperbolic quadric Q + (4n − 1, q), and every elliptic quadric Q − (4n + 1, q) contains a line spread.
Remark 3.3. The parabolic quadric Q(4, q), q odd, has no spreads. Very little is known about partial line spreads of Q(4, q), q odd, and no large maximal partial line spreads have yet been found. This is why our results are only valid for quadrics Q(4n + 4, q) when q is even, and it seems difficult to find a similar construction for q odd.
The cone Q n (q)
Lemma 3.4. Consider a non-singular quadric Q n (q) in P G(n, q); suppose it has a line spread t 1 , . . . , t r . We can choose c lines t i such that every line of Q n (q), not in the line spread, intersects at least one of these c lines. The integer c can be chosen for every value in the following interval:
Proof. Consider a line spread S in Q n (q). We construct a bipartite graph with two classes A and B. Class A consists of the lines of the line spread S. Consider B to contain the lines of Q n (q) not in the line spread. Two vertices of different classes are adjacent if their corresponding lines intersect each other. Every vertex of B has degree q + 1. The quadric Q n (q) contains
lines. We can check for every type of quadric that the maximal degree of an element of A is D ≤ 2q n−2 for q > 3. The set A consists of
lines. Using Result ??, we find a subset A ⊆ A of lines of the line spread S such that every line of Q n (q) not in S intersects at least one of the lines of A . We can check for every type of quadric that |Qn(q)| q+1 ≤ q n−3 (q + 1). We find:
A ≤ q n−3 (1 + (n − 2) log 2q).
Step by step we can add extra lines of the line spread until we have all the lines of the line spread S.
Corollary 3.5. The previous lemma leads to the following intervals for specific quadrics:
• Q(4m, q), q even : c ∈ q 4m−3 (1 + (4m − 2) log 2q),
. Table ? ? shows how large q has to be such that for a given m the constructed interval is nonempty. Table 4 : Minimal size of q such that the interval of Corollary ?? is non-empty Construction 3.6. Suppose Q n (q) contains a line spread. Consider a non-singular quadric Q n+4 (q) and take an arbitrary line of Q n+4 (q). Consider its tangent space ⊥ ∼ = P G(n + 2, q). We find: ⊥ ∩ Q n+4 (q) = Q n (q); this quadric Q n (q) lies in a space π ∼ = P G(n, q). Consider a line spread S = {t 1 , . . . , t r } on Q n (q).
Look at the three-dimensional spaces , t 1 , . . . , , t r ; these are completely contained in the quadric Q n+4 (q). Every point of ⊥ ∩ Q n+4 (q), not on , belongs to exactly one of these threedimensional spaces. Suppose there exist c lines t i such that every line of the quadric Q n (q), not in S, intersects at least one of these c lines. For i = 1, . . . , c, take a line spread S i in the space , t i through . For j = c + 1, . . . , r, take a maximal partial line spread P j in , t j through . The union S of the lines of the line spreads S i together with the lines of the maximal partial line spreads P j forms a maximal partial line spread in Q n (q).
Proof. This proof is similar to the proof of Construction ??.
If there does not exist a line spread in Q n (q), then the previous construction does not work. This case will be discussed later in Section ??.
The quadric Q n+4 (q)
Construction 3.7. Take an arbitrary line of Q n+4 (q). Consider the tangent space ⊥ ∼ = P G(n + 2, q), we have: ⊥ ∩ Q n+4 (q) = Q n (q). This quadric Q n (q) lies in a space π ∼ = P G(n, q) which can be embedded in a space Π ∼ = P G(n + 2, q) disjoint from .
Starting from a line spread S 1 = {t 1 , . . . , t r } of Q n (q) and using Construction ??, we find a maximal partial line spread S 1 in ⊥ ∩ Q n+4 (q) that contains the line . In the three-dimensional space , t 1 , we have considered a line spread. Take a maximal partial line spread S 2 = {m 1 , . . . , m s , t 1 } of (Π\π) ∪ {t 1 }, for example by Construction ??. Every three-dimensional space , m 1 , . . . , , m s intersects Q n+4 (q) in a hyperbolic quadric Q + (3, q) through . In every such three-dimensional space we take the corresponding regulus through . All these lines, without , form an appropriate partial line spread S 2 for Q n+4 (q)\ ⊥ of size qs.
The union S of lines of S 1 and S 2 forms a maximal partial line spread for the quadric Q n+4 (q). Suppose Q n (q) is a non-singular quadric in P G(n, q) containing a line spread L. Define c n to be the smallest number of lines of L such that every line of the quadric, not in the line spread, intersects at least one of the c n lines. For an upper bound on c n we refer to Lemma ??. Theorem 3.8. For n ≥ 3, when the non-singular quadric Q n (q) in P G(n, q) has a line spread, we can find maximal partial line spreads S in Q n (q) for every size in the following interval:
Proof. We use Construction ?? with c = c n and take for every P j the smallest known maximal partial line spreads; these have size s. This gives us a maximal partial line spread of size:
To find an uninterrupted interval we proceed in the same way as in Theorem ??. In at least x three-dimensional spaces, we will consider maximal partial line spreads with their size in the interval [l, u] . Similarly as in the earlier proof we find that x ≥ q 2 −s+1 u−l . By making the correct choices we find an uninterrupted interval with lower bound:
Now for our upper bound. A line spread of Q n (q) has size |Qn(q)| q+1 . We find the largest maximal partial line spread of our interval by using c = |Qn(q)| q+1 − 1 in our Construction ??. This gives us a maximal partial line spread of Q n (q) of size
Corollary 3.9. Using Result ?? and ?? together with Corollary ??, we know the values for our variables, with restrictions n ≥ 3, q ≥ 7 and for even q also q > q 0 , so for particular quadrics there exists a maximal partial line spread for every size in the interval:
Theorem 3.10. In Q n+4 (q), n ≥ 3, there exist maximal partial line spreads S for every size in the interval:
Proof. We are looking at maximal partial line spreads of Construction ??.
Using Theorem ??, we find maximal partial line spreads S 1 in Q n (q) of every size in the interval
Using Theorem ??, we can find a maximal partial line spread S 2 in (P G(n + 2, q)\P G(n, q)) ∪ {t 1 }; its size lies in the following interval:
Since the three-dimensional space , t 1 is completely covered by a line spread, every line in Q n+4 (q)\ ⊥ that after projection from is projected onto a line that intersects t 1 , is also covered by the maximal partial line spread S 1 , see Construction ??. So from now on we will talk about these appropriate partial line spreads in P G(n + 2, q)\P G(n, q) that intersect all the lines not in the partial spread and disjoint from t 1 , and we still use the name S 2 . The constructed maximal partial line spread has size |S | = |S 1 | + q|S 2 |. When the size of S 2 increases by one, the size of S increases by q. We have uninterrupted intervals for the sizes of S 1 and S 2 . So an uninterrupted interval for the sizes of S can be found if the length of the interval of S 1 is larger than q; this leads to the condition:
If the size of the interval for S 1 is larger than (q 2 − u)q, then we can make the jump from S 2 of size q n+1 − q 2 + u to a line spread of size q n+1 . This leads to the condition:
For given n, the inequalities in (??) and (??) are valid for the respective quadrics Q n (q) if q is large enough. For smaller n the lower bounds on q are presented in Table ? ?. We only have to look for the maximal and minimal size of S . When we take for S 1 the largest possible maximal partial line spread, that is not a line spread, and for S 2 a line spread, then we find size:
This is the largest possible maximal partial line spread for Q n+4 (q) we can find by our construction.
The smallest by us constructed appropriate partial line spread of P G(n + 2, q)\P G(n, q) has size k n q 2 + (q n−1 − k n )(s − 1) +
Every line of such a partial line spread gives us q lines for the sought maximal partial line spread S . We add the lines of the smallest maximal partial line spread in Q n (q); this has size c n q 2 +
The smallest size is thus
We now summarize the spectrum result for this construction method. Due to the isomorphism between W (2n − 1, q), q even, and Q(2n, q), q even, the spectrum result for Q(4n, q), q even, is also valid for W (4n − 1, q), q even.
Corollary 3.11. Using Result ?? and ??, Lemma ?? and Corollary ??, we know the values of our variables together with the constraints n ≥ 3, q ≥ 7 and for q even also q > q 0 , so for particular quadrics there exist maximal partial line spreads S for every size in the following interval: W (4n − 1, q), q even ∼ = Q(4n, q), q even :
(−3 + (4n + 2) log 2q) q 4n−4 + (−3 + 4n log 2q)q 4n−6 , (q 2n−1 + 1)(q 2n − 1)
(−3 + 4n log 2q)q 4n−6 + (−3 + (4n − 2) log 2q)q 4n−8 , (q 2n−1 + 1)(q 2n−2 − 1) q 2 − 1 − q + 1 . Table ? ? shows how large q has to be such that for a given n, the interval determined is nonempty, and such that the conditions we have put on the length of the interval for |S 1 | in Theorem ?? are fulfilled. The quadrics Q + (4n + 1, q) and Q − (4n + 3, q) cannot contain a line spread since q + 1 does not divide |Q + (4n + 1, q)| = (q 2n + 1)(q 2n+1 − 1)/(q − 1), nor |Q − (4n + 3, q)| = (q 2n+1 − 1)(q 2n+2 + 1)/(q − 1). So the previous construction does not work here. Even though q + 1 divides |Q(4n + 2, q)| = (q 4n+2 − 1)/(q − 1), there are not many results known about the existence of line spreads in the non-singular quadric Q(4n + 2, q). From [?], we know a line spread in Q(6, 2) and Q(6, 3) exists, but we do not know the situation for other q. We will construct large maximal partial line spreads, and from this we will find a spectrum of maximal partial line spreads similarly as in the first construction. Note that the following method does not work for Q(4, q), Q(8, q), nor for any parabolic quadric Q(4n, q), n ≥ 1, q odd.
Large maximal partial line spreads
Lemma 4.1. Consider the non-singular quadric Q 4n+i (q) in P G(4n + i, q), with i ∈ {1, 2, 3}, corresponding to a quadric in the set {Q + (4n+1, q), Q(4n+2, q), Q − (4n+3, q)}. Define δ(1) = 0 and δ(2) = δ(3) = 1. For these quadrics, there exists a maximal partial line spread M for which M = S ∪ P. Here the set P is a maximal partial line spread of the tangent space π ⊥ , with π a (2n − 1)-dimensional space contained in the quadric. Every point of the quadric outside of π ⊥ is covered by the line spread S. The smallest and largest maximal partial line spread of this form have respectively size (q 2n+i + 1)
and (q 2n+i + 1)
The value inside the first pair of braces shows the size of S, and the value inside the second pair of braces shows the size of P.
The construction of these two maximal partial line spreads on these quadrics Q 4n+i (q) is as follows:
• We fix a line and a particular (2n − 1)-dimensional space π of Q 4n+i (q), passing through .
• Outside of ⊥ , we consider the same line spread as in the first construction.
• In ⊥ \π ⊥ , we consider a line spread of Q 4n+i (q), defined in the following way. Consider the quotient geometry ⊥ / of in ⊥ and consider in this quotient geometry of in ⊥ the quotient geometry π of π. There exists a line spread of ( ⊥ / ) \ π . By taking line spreads through in the 3-spaces defined by the lines of this line spread and , a line spread of Q 4n+i (q) in ⊥ \ π ⊥ is obtained. The union of the two preceding line spreads, not including the line , is the line spread S.
• The tangent space π ⊥ of π intersects Q 4n+i (q) into the union of q i−1 + 1 generators, of dimension 2n. For the smallest maximal partial line spread, P is a line spread of π. For the largest maximal partial line spread, P is the union of line spreads of q δ(i) + 1 hyperplanes of generators through π. These hyperplanes each cover a (2n − 2)-dimensional space of π and are chosen such that they overlap in a common (2n − 3)-dimensional space of π. Their corresponding line spreads coincide inside this common (2n − 3)-dimensional space.
Proof. We will prove this by induction on n. Suppose n = 1. We consider the quadric Q 4+i (q) ∈ {Q + (5, q), Q(6, q), Q − (7, q)}, so i ∈ {1, 2, 3} for the respective quadrics. Consider a line of the quadric and its tangent space ⊥ , we know ⊥ ∩ Q 4+i (q) = Q i (q), which consists of q i−1 + 1 planes intersecting each other in the line . Using the construction seen in the proof of Lemma ??, we find a line spread S for the quadric outside of ⊥ consisting of q i+2 lines. These lines arise from reguli of quadrics Q + (3, q) through contained in the original quadric. For the points of the quadric in ⊥ , we can find a maximal partial line spread P consisting of either the line or respectively 2, q + 1 or q + 1 lines belonging to different planes, and intersecting the line in different points. We find a suitable maximal partial line spread of the quadric Q 4+i (q) of size q i+2 + 1 or q i+2 + q δ(i) + 1. Suppose the lemma is true for n − 1. Consider the quadric Q 4n+i (q), take a line and the tangent space ⊥ , we have ⊥ ∩ Q 4n+i (q) = Q 4(n−1)+i (q). Again, we can partition the quadric outside of ⊥ by q 4n−2+i pairwise disjoint lines arising from reguli through contained in the quadric. Using the induction hypotheses, consider an appropriate maximal partial line spread M = S ∪ P for the quadric Q 4(n−1)+i (q). Suppose π ⊥ is the tangent space to a (2n − 3)-dimensional space π inside this quadric Q 4(n−1)+i (q) for which P is a maximal partial line spread. We have π ⊥ ∩ Q 4(n−1)+i (q) = π Q i (q). This space consists of q i−1 + 1 generators of the quadric Q 4(n−1)+i (q). Every point of the quadric Q 4(n−1)+i (q) outside of π ⊥ is covered by the line spread S . Suppose π = , π , we have π ⊥ = , π ⊥ , where π ⊥ is the tangent space of π with respect to the quadric Q 4n+i (q) and π ⊥ is the tangent space of π with respect to the quadric Q 4(n−1)+i (q). Every line of M spans a three-dimensional space together with ; these spaces intersect each other only in . In every such space, we take a line spread through . The points of the quadric, not on , inside the 3-spaces generated by and a line of S will be partitioned by q 2 |S | lines. These lines, together with the lines found outside of ⊥ , form a line spread S of Q 4n+i (q)\π ⊥ . We have |S | = q 2n−2+i q 2n−2 −1
. From this, it follows:
The space π ⊥ consists of q i−1 + 1 (2n)-dimensional spaces of the quadric Q 4n+i (q) that intersect each other in the (2n − 1)-dimensional space π.
Inside the space π ⊥ , we consider a maximal partial line spread P consisting of either a line spread of π or the union of line spreads of q δ(i) + 1 hyperplanes of generators. These hyperplanes each cover a (2n − 2)-dimensional space of π and are chosen such that they overlap in a common (2n − 3)-dimensional space of π. Their corresponding line spreads coincide inside this common (2n−3)-dimensional space; this is possible because of Lemma ??. We note that for the parabolic and elliptic quadric all the points of π are covered. It is clear that P has the appropriate size, namely:
Since P is a maximal partial line spread in π ⊥ ∩ Q 4n+i (q), it is clear that the union M = S ∪ P is a maximal partial line spread of Q 4n+i (q), that furthermore meets the conditions of the lemma.
The cone Q n (q)
Lemma 4.2. Consider a non-singular quadric Q 4n+i (q) of P G(4n + i, q). Suppose we have a maximal partial line spread of Q 4n+i (q) of the form M = S ∪ P, such as considered in Lemma ??. Suppose Q S is the part of the quadric covered by S, so outside of π ⊥ , where π is the particular (2n − 1)-dimensional space contained in Q 4n+i (q). We can choose d lines from S such that every line of the quadric Q 4n+i (q) outside of π ⊥ , not in S, intersects at least one of these d lines. We can choose such d = d 4n+i lines for every integer d in the interval: Table ? ? shows how large q has to be such that for a quadric with given n the determined interval for d is non-empty. Table 6 : Minimal size of q for every quadric corresponding to Lemma ??
Proof. The proof is analogous to that of Lemma ??. Consider the line spread S. We construct a bipartite graph with vertex classes A and B. Class A consists of all the lines of S and class B consists of all the lines of Q S not belonging to the line spread S. Every line of Q S not belonging to S intersects at least q lines of S, so every vertex of B has degree at least q. We know |A| = q 2n+i q 2n −1 q 2 −1 ≤ 2q 4n−2+i and for every type of quadric, D ≤ (q +1)(|Q 4n+i−2 (q)|− 1) ≤ 2q 4n−2+i for q > 3. Using Result ??, we find a subset A ⊆ A such that every line of Q S not belonging to S intersects a line of A . We find:
The set A can be enlarged step by step until we find the whole set A, consisting of all the lines of the line spread S.
Construction 4.3. Suppose the non-singular quadric Q n (q) in P G(n, q) has a maximal partial line spread M = S ∪ P, as constructed in Lemma ??.
Consider a non-singular quadric Q n+4 (q), of the same type as Q n (q), and take an arbitrary line of Q n+4 (q). Consider its tangent space ⊥ ∼ = P G(n + 2, q), we know: ⊥ ∩ Q n+4 (q) = Q n (q). The quadric Q n (q) lies in a space π ∼ = P G(n, q).
Consider the line spread S = {t 1 , . . . , t s } and the maximal partial line spread P = {m 1 , . . . , m r } on Q n (q). Suppose Q S to be the part of the quadric Q n (q) covered by the lines of S. Suppose we can choose d lines t 1 , . . . , t d of S, such that every line of Q S , not in S, intersects at least one of these d lines. Consider the three-dimensional spaces , t 1 , . . . , , t s , , m 1 , . . . , , m r ; these are completely contained in Q n+4 (q). Unlike Construction ??, not every point of ⊥ ∩ Q n+4 (q) belongs to one of these three-dimensional spaces; this because M is not a line spread of Q n (q). For i = 1, . . . , d, take a line spread S i in the space , t i containing . For j = d + 1, . . . , s, take a maximal partial line spread P j in the space , t j through . For h = 1, . . . , r, take a line spread R h in the space , m h through . The union S of the line spreads S i and R h , together with the lines of the maximal partial line spreads P j , forms a maximal partial line spread in Q n (q).
Proof. The intersection of two considered three-dimensional spaces through is the line . So the set S is a partial line spread. Suppose b is a line of Q n (q) not belonging to S ; we will show that this line cannot be added to S . We can assume that b is skew to . Suppose b belongs to a three-dimensional space , t i , then at least one point of b is covered. If we use this construction for Q n (q) in Construction ??, then we obtain again a maximal partial line spread of Q n+4 (q). The proof proceeds in exactly the same way as in that of Construction ??.
The quadric Q 4n+i (q)
Suppose Q n (q) is a non-singular quadric in P G(n, q) containing a maximal partial line spread M = S ∪ P, as constructed in Lemma ??. Define d n to be the smallest number of lines of S such that every line of Q S , not in S, intersects at least one of the d n lines. Recall the following notations: Theorem 4.4. Consider the non-singular quadric Q 4n−4+i (q) in P G(4n − 4 + i, q), n ≥ 2, with i ∈ {1, 2, 3}, corresponding to a quadric in the set {Q + (4n − 3, q), Q(4n − 2, q), Q − (4n − 1, q)}. In Q 4n−4+i (q), there exist maximal partial line spreads of every size in the interval
Proof. In Lemma ?? we constructed two maximal partial line spreads in Q 4n−4+i (q). From each of these we can construct an uninterrupted interval of maximal partial line spreads in Q 4n−4+i (q). One can calculate that these intervals overlap if they are non-empty. So we will use the smallest form to calculate the lower bound and the largest form to calculate the upper bound of our interval. Consider in Q 4n−4+i (q) a maximal partial line spread of size (q 2n−2+i + 1)
and use Construction ?? with value d 4n−4+i . Choose for every P i the smallest known maximal partial line spread of P G (3, q) ; this has size s. This gives a maximal partial line spread of size:
To find an uninterrupted interval we proceed in the same way as in Theorem ??. In at least x three-dimensional spaces, we will consider maximal partial line spreads with their sizes in the interval [l, u] . Similarly as in the earlier proof, we find that x ≥ q 2 −s+1 u−l . We find the lower bound:
Step by step we can enlarge the maximal partial line spreads P i or exchange them for a line spread S i . It is clear that we find an uninterrupted interval. Now for our upper bound. This we find by taking d = q 2n−2+i q 2n−2 −1
− 1 and the part P of its largest form of size
. Then the largest value in the uninterrupted interval is:
Corollary 4.5. Using Result ?? and ?? together with Corollary ?? and the estimate 7 log q ≤ 7 log 2q − 4, we know the values for our variables, with restrictions n ≥ 2, q ≥ 7 and for even q also q > q 0 . For the following particular quadrics, there exist maximal partial line spreads for every size in the interval:
Theorem 4.6. Consider the non-singular quadric Q 4n+i (q) in P G(4n + i, q), n ≥ 2, with i ∈ {1, 2, 3}, corresponding to a quadric in the set {Q + (4n + 1, q), Q(4n + 2, q), Q − (4n + 3, q)}. There exist maximal partial line spreads S in Q 4n+i (q) of every size in the interval:
Proof. We look at the maximal partial line spread from Construction ??, but using Construction ?? for the cone Q 4n−4+i (q). We use Theorem ?? to find a maximal partial line spread S 1 in Q 4n−4+i (q) for every size in the interval
, q 2n−2 −1 q 2 −1 q 2n+i + q 2 + q 2n−2+δ(i) − q 2 + u .
In (P G(4n − 2 + i, q)\P G(4n − 4 + i, q)) ∪ {t 1 }, using Theorem ?? we find a maximal partial line spread S 2 of every size in the interval:
Since the three-dimensional space , t 1 is completely covered by a line spread, every line of Q 4n+i (q)\ ⊥ that after projection from is projected on a line that intersects t 1 , is also covered by the maximal partial line spread S 1 , see Construction ??. We will concentrate on the particular partial line spread in P G(4n − 2 + i, q)\P G(4n − 4 + i, q) that covers all the lines disjoint from t 1 , and we still use the notation S 2 . The constructed maximal partial line spread has size |S | = |S 1 | + q|S 2 |. If the length of the interval of S 1 is larger than (q 2 − u)q, we find an uninterrupted interval and then we can make the jump from the maximal partial line spread S 2 of size q 4n−3+i − q 2 + u to a line spread of size q 4n−3+i . This gives the condition:
For given n, the inequality in (??) is valid for the respective quadrics Q 4n+i (q) if q is large enough. For small n, the lower bounds on q are presented in Table ? ?. If we take S 1 to be the largest possible maximal partial line spread and for S 2 a line spread, then we find size:
q 2n−2 − 1 q 2 − 1 q 2n+i + q 2 +q 2n−2+δ(i) −q 2 +u+q 4n−3+i q = (q 2n+i + 1)(q 2n − 1) q 2 − 1 +q 2n−2+δ(i) +u−q 2 −1.
This is the largest maximal partial line spread for Q 4n+i (q) found by our construction. The smallest appropriate partial line spread in P G(4n − 2 + i, q)\P G(4n − 4 + i, q) has size k 4n−4+i q 2 + (q 4n−5+i − k 4n−4+i )(s − 1) + .
We now summarize the spectrum result for Construction 2. The second interval is valid for Q(4n + 2, q), q even and odd, but for W (4n + 1, q), only for q even. Q − (4n + 3, q):
(−3 + (4n + 6) log 2q)q 4n + (−2 + (8n + 1) log 2q) q 4n−2 , (q 2n+3 + 1)(q 2n − 1) q 2 − 1 + q 2n−1 − q + 1 . Table ? ? shows how large q has to be such that for a given n the determined interval is non-empty and such that the condition we have put on the length of the interval of |S 1 | is fulfilled. 
